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Abstract 
 

We present a technique by which the decomposition of surface areas through medial axes can be visualized in a 
fuzzy manner, in contrast to the discrete manner that medial axes normally impose. By mapping the closest-distance 
value of each point on the surface to its height-coordinate, remarkably aesthetic surfaces are constructed that 
uniquely relate the surface points to their nearest points on the shapes. We call the resulting manifolds “Dune 
Surfaces” because of the resemblance to sand dunes. We apply this technique of visualization, on a large scale, to 
the continents of the earth and, on a small scale, to the hotly disputed Spratly Islands in the South China Sea. 

 
 

The Problem 
 
Let C ⊂ Թଶ be an arbitrary closed shape in the plane – the boundary of a closed region R. Can a polyline 
be found that subdivides R into two parts along the (potentially multiple) length axes of the shape C? 
Geometrically speaking, this simply requires the finding of the medial axis – the locus ݈ of all points 
݌ ∈ Թଶ in R that have more than one closest point on C [1]. Equally, ݈ is the locus of the midpoints of all 
circles within R that don’t intersect C but touch at least two of its sides (maximal circles). It is defined as: 
 

݈ሺCሻ ∶ൌ ሼ݌ ∈ R ∶   ଵݎ∃ ് ଶݎ ∈ C ∶ ݀ሺ݌, ଵሻݎ ൌ ݀ሺ݌, ଶሻݎ ൌ ݀ሺ݌, Cሻሽ 
 

where 
 

݀ሺ݌, ሻݎ ∶ൌ ݌| െ  |ݎ
 

݀ሺ݌, Cሻ ∶ൌ min
௥∈େ

݀ሺ݌,  ሻݎ

 
For convex and concave shapes C alike, ݈ can be approximated as a polyline, albeit for concave shapes, it 
takes the form of a graph rather than that of a linear chain (see Figure 1). 
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Figure 1: The medial axis of a concave shape (notice the maximal circles). 

 
Medial axes are frequently employed in shape recognition – particularly in character recognition, where 
an alphabetic character can be guessed from the graph topology of the medial axis that is derived from its 
bitmap representation. Our goal was to present medial axes spatially, suggesting a fuzzy gradation rather 
than a discrete division, so that the decomposition of highly complex and concave surfaces would be 
instantly comprehensive to a visual mind. 
 

The Dune Surface 
 
Let S ൌ ሼCሽ be a set of shapes C in the Euclidean plane. The spatial dune surface Δ is defined as follows, 
given a surface point ݌ ∈ Թଶ and the set of shapes S as parameters: 
 

Δሺ݌, Sሻ ∶ൌ ൭

௫݌
௬݌

݀ሺ݌, Sሻ ݅ሺ݌, Sሻ
൱ 

 
where 

݀ሺ݌, Sሻ ∶ൌ min
େ⊂ୗ

݀ሺ݌, Cሻ 

 

݅ሺ݌, Sሻ ∶ൌ ቄ
   1
െ1

if ݌ is inside one of the closed shapes in S 
otherwise 

 
In computational terms, the function ݅ሺ݌, Sሻ may be further specified as follows: 
 

݅ሺ݌, Sሻ ∶ൌ 2ሺݏሺ݌, Sሻ mod 2ሻ െ 1 
 
where ݏሺ݌, Sሻ yields the number of intersections between any shapes in S and a ray from ݌ in an arbitrary 
direction. Thus, ݅ always yields 1 for all ݌ inside single closed polygons and െ1 for all other cases – a 
slight adaptation of the ray casting algorithm [2] of the point-in-polygon query. 
 
To put it more simply, we simply define the ݖ-Coordinate of the dune surfaces’ parametric point as the 
minimum distance between that parametric point and any point on any shapes in S. We further multiply 
this ݖ-Coordinate by െ1 if the parametric point happens to reside outside any closed shape in S, thus 
inverting the direction of the surface for all non-enclosed points. 
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Figure 2: The Dune Surface for the Spratly Islands – 

not exactly a solution to the political problem, but a valid subdivision all the same. 
When a planar Dune Surface is seen from top, it resembles a Voronoi Diagram (left image). 

When derived from a very fragmented and chaotic set of shapes, it is no wonder that, if shaded and seen 
from the top, the Dune Surface exhibits features resembling a Voronoi Diagram (see Figure 2). The ridges 
of the Dune Surface are located precisely at the medial axes, as we would expect. 
 
At this point, we could also calculate a planar Voronoi Diagram given a set of two-dimensional closed 
lines (like S) as the Voronoi generators, and we would get a structure where the division lines between the 
Voronoi cells coincide with the ridges of the Dune Surface. Normally, this would be an unusual 
application for a Voronoi Diagram, given that the generators of most are zero-dimensional points. The 
constant sharpness of the ridges (and the trenches below sea level) also visualizes the fact that for any ݊-
dimensional Voronoi Diagram derived from any set of ݉-dimensional generators (where ݉  ൑  ݊), the 
divisions between the Voronoi cells are always unambiguous [3], as are (by analogy) the Dune Surface 
ridges (or median axes). 
 

On the Sphere 
 
When attempting the calculation using spherical coordinates, the Euclidean distance function  
݀ሺܽ, ܾሻ for ܽ ∈ Թଶ and ܾ ∈ Թଶ, which was introduced as part of the definition of the median axis, must 
be replaced by the equivalent spherical function that yields the great-circle distance: 
 

݀ሺܽ, ܾሻ ∶ൌ cosିଵ൫sin ܽ௬ sin ܾ௬ ൅ cos ܽ௬ cos ܾ௬ cos|ܽ௫ െ ܾ௫|൯ 
 
Furthermore, the Dune Surface Δሺ݌, Sሻ in spherical coordinates (with the ݖ-coordinate still denoting the 
height relative to sea level) must finally be transformed back into Cartesian space: 
 

Δୡሺ݌, Sሻ ∶ൌ Δୡ൫Δሺ݌, Sሻ൯ 
 
The transformation for ݌ ∈ Թଷ proceeds as follows: 

Δୡሺ݌ሻ ∶ൌ ሺ1 ൅ ௭ሻቌ݌

cos ௫݌ cos ௬݌
sin ௫݌ cos ௬݌

sin ௬݌

ቍ 
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We have applied the spherical method on a rough dataset of earth’s continents (see Figure 3). 

 
Figure 3: Dune Surface based on earth’s continents. 

 
Conclusion 

 
Dune Surfaces nicely illustrate the fuzzy geometric relations underlying the discrete structures of medial 
axes or Voronoi Diagrams. Whereas Voronoi Diagrams display the precise relationship between each 
point and its generator, Dune Surfaces visualize how the differing distances of each point to its generator 
lead to the emergence of discrete Voronoi cell divisions – the ridges and trenches of the Dune Surface. 
We have shown how the surface can be calculated both in the Euclidean plane and on the sphere. Finally, 
we have presented some interesting graphical results based on geographic data. 
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